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Hodge Cycles on Abelian Varieties with Complex
Multiplication by Cyclic CM-Fields
By Fumio Hazama
Abstract. For any cyclic CM-fields of degree 2pq with p, q dis-
tinct odd primes, we determine which CM-types among 2pq ones give
rise to degenerate abelian varieties and in what codimension nondivi-
sorial Hodge cycles exist on them.
1. Introduction
The purpose of this paper is to classify the CM-types for cyclic CM-fields
of degree 2pq with p, q distinct odd primes according to the structures
of the Hodge rings of corresponding abelian varieties. Our classification
reveals in what codimension non-divisorial Hodge cycles lie, and at the
same time shows that the algebraicity of these Hodge cycles implies the
Hodge conjecture for any self-products of the abelian varieties. From our











)p−2q q-dominated CM-types, and the other primitive
ones are nondegenerate. As a byproduct we obtain the result to the effect
that there is always a degenerate CM-type for Q(ζ2n+1) whenever n = 3q
with q a prime > 3. This gives an effective version of a result (due to
Lenstra and Stark) in [5, (3.11)] stating that for sufficiently large prime
2n + 1 ≡ 7(mod 12) there exists a degenerate CM-type for Q(ζ2n+1). As
another consequence of our theorem, we have a stronger version of a theorem
by Lenstra in the case of cyclic CM-fields of degree 2pq. He showed that for
any degenerate abelian variety A with complex multiplication by an abelian
CM-field, there always exists a nondivisorial Hodge cycle on A itself (see
[7]). Our theorem shows, as well as this, that for our cyclic cases the whole
Hodge rings H(Ak), k ≥ 1 of its self-products are generated (up to some
equivalence relation) by Hodge cycles on A itself when A is degenerate (see
Section four and five for more details).
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The plan of this paper is as follows. Section two recalls some fundamen-
tal properties of Hodge cycles on abelian varieties of CM-type. In particular,
the notions of N-dominatedness and h-degeneracy are explained here. In
Section three, we construct a Z-basis of the group algebra Z[Z/2nZ] which
reflects the orthogonal decomposition according to the characters of Z/2nZ.
The basis plays a fundamental role in the remaining sections. In Section
four, we determine completely (Theorem 4.8) what and how many CM-
types for Z/2nZ are degenerate, when n = pq is the product of distinct odd
primes pq. Section five is devoted to show that any absolutely simple and
degenerate abelian varieties with complex multiplication by a cyclic CM-
field of degree 2pq must be p-dominated or q-dominated. Furthermore, it is
shown that all of them are 1-degenerate. As an application of our theorem
we show in Section six how it is simple to construct degenerate CM-types
for some cyclotomic fields and to count the number of those CM-types.
2. Hodge Cycles and Characters
The purpose of this section is to recall some fundamental facts about
the relationship between Hodge cycles on an abelian variety of CM-type
and characters of the Galois group of the corresponding CM-field. We also
recall the notions of N -dominatedness and h-degeneracy.
Let K be a CM-field with abelian Galois group G of order 2n. Let G =
{g1, . . . , gn, g1ρ, . . . , gnρ}, where g1 is assumed to be the identity element
and ρ denotes the complex conjugation. Let S ⊂ G be a CM-type, namely
a subset of G such that S
∐
Sρ = G (disjoint union), and let AS denote
the abelian variety associated with S (see [3], for example). We identify
Q[G] with Q2n, the space of row vectors of length n, through the given
ordering of the elements of G. Furthermore we identify a subset T ⊂ G
with the element
∑
t∈T t ∈ Q[G]. For any g ∈ G, let hg = Sg−Sρg ∈ Q[G].
We define the Hodge matrix HS to be the n by 2n matrix whose i-th row
vector is hgi , 1 ≤ i ≤ n. For any abelian variety A, let Hg(A) denote the
Hodge group of A. It is known that Hg(A) is an algebraic torus over Q,
and the inequality dimHg(A) ≤ dimA holds. When dimHg(A) is smaller
than dimA, the abelian variety is degenerate in the sense that there is a
nondivisorial Hodge cycle on some Ak, k ≥ 1 ([1]). The Hodge matrix is
of fundamental importance for the study of the Hodge ring of AS , since
rankHS = dimHg(AS) and the kernel KS = kerHS depicts the set of
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nondivisorial Hodge cycles on Ak, k ≥ 1 (see [1], [3] for details). Moreover,
the rank of the Hodge matrix is related to the character sums. For any
character χ ∈ X(G) = Hom(G,C∗ and a subset T ⊂ G, we write χ(T ) =∑
g∈T χ(g) ∈ C.
Proposition 2.1 ([4], [5]). The difference dimA−rankH(A) is equal
to the number of the odd characters of G such that χ(S) = 0.
Remark 2.2. A character χ is said to be odd (resp. even) if χ(ρ) = −1
(resp. χ(ρ) = 1). Note that for any nontrivial even character χ we have
χ(S) = (χ(S) + χ(S))/2 = (χ(S) + χ(ρS))/2 = χ(G)/2 = 0. Hence we can
rephrase the proposition as an equality rankH(A) = #{χ ∈ X(G);χ(S) 
=
0} − 1.
A CM-type S is said to be primitive if the corresponding abelian variety
is absolutely simple. The following criterion for primitivity will be used
later frequently.
Proposition 2.3 ([5, Section 2]). A CM-type S is primitive if and
only if it is not stable under any elements of G− {g1}.
Next we recall a characterization of N -dominatedness and h-degeneracy
of an abelian variety A. Originally they are defined in terms of the struc-
ture of the Hodge rings of the self-products Ak, k ≥ 1 (see [1] for N -
dominatedness and [3] for h-degeneracy). Here we explain them through
their characterizations given in the papers cited above, and thereafter we de-








h(v) = max{|ag|; g ∈ G},
and call (resp. h(v)) the weight (resp. height) of v. Moreover for any finite
subset X of Z[G], we put
w(X) = max{w(v) : v ∈ X},
h(X) = max{h(v) : v ∈ X}.
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Furthermore for any Z-submodule N of Z[G], we put
w(N) = min{w(X) : X is a spanning subset of N},
h(N) = min{h(X) : X is a spanning subset of N}.
Using this notion of weight (resp. height), we can characterize the N -
dominatedness (resp. N -degeneracy) as follows.
Proposition 2.4 ([1], [3]). Notation being as above, the abelian vari-
ety AS is
(i) N -dominated if and only if w(KS) = N .
(ii) h-degenerate if and only if h(KS) = h.
Remark 2.5. These two notions are related to the investigation of the
Hodge conjecture in the following way. If A is N -dominated, then the Hodge
conjecture for all the self-products Ak, k ≥ 1, is implied by the truth of the
conjecture for up to codimensionN . On the other hand, if A is h-degenerate,
then the Hodge conjecture for all the self-products Ak, k ≥ 1, is implied by
the truth of the conjecture for Ak, k ≥ h. See [1], [3] for more details.
3. Decomposition of Z[Z/2nZ]
In this section we construct a Z-basis of Z[Z/2nZ], which reflects the
decomposition C[Z/2nZ] ∼=
⊕
χ∈X(Z/2nZ) C[Z/2nZ]χ. This basis will play
an important role in Sections four and five.
The character group X(Z/2nZ) consists of 2n characters χi, 0 ≤ i ≤
2n − 1, where χi is defined by χi(a) = ζia for a ∈ Z/2nZ with ζ = ζ2n a
fixed primitive 2n-th root of unity. In particular, the set of odd characters
X−(Z/2nZ) consists of χ2i−1, 1 ≤ i ≤ n. For any commutative ring R, let
R[Z/2nZ] denote the group algebra of Z/2nZ with coefficients in R. For
any χ ∈ X(Z/2nZ), let vχ =
∑
a∈Z/2nZ χ(−a)[a] ∈ C[Z/2nZ]. Then the
χ-part
C[Z/2nZ]χ = {v ∈ C[Z/2nZ]; a.v = χ(a)v for any a ∈ Z/2nZ}
is a one-dimensional subspace spanned by vχ, and we have an isomor-
phism C[Z/2nZ] ∼=
⊕
χ∈X(Z/2nZ) C[Z/2nZ]χ. Let ρ denote the element
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n ∈ Z/2nZ, which will correspond later to the complex conjugation of re-
spective CM-field. Let
R[Z/2nZ]− = {v ∈ R[Z/2nZ]; ρ.v = −v}
the odd part of R[Z/2nZ]. Then through the isomorphism above we have
C[Z/2nZ]− ∼=
⊕
χ∈X−(Z/2nZ) C[Z/2nZ]χ. For any positive divisor m of 2n,





2nvχd for a ∈ (Z/mZ)∗. These are a priori ele-
ments of C[Z/2nZ] and linearly independent over C. They, however, are vis-
ibly invariant under the action of the Galois group Gal(Q(µm)/Q) of them-
th cyclotomic field, hence we have v
(m)
a ∈ Q[Z/2nZ] for every a ∈ (ZmZ)∗.







Vm, where Vm = 〈v(m)a ; a ∈ (Z/mZ)∗〉Q.
When n = pq with p, q distinct odd primes, they can be expressed quite
explicitly.
Proposition 3.1. Let n = pq with p, q distinct odd primes. For r = p
(resp. q), the elements v
(2r)













1, a : even, 
≡ 0(mod 2r),
−1, a : odd, 
≡ d(mod 2r),
r − 1, a ≡ d(mod 2r),
−(r − 1), a ≡ d+ r(mod 2r).
Proof. This is essentially the orthogonality relations of characters.
We may assume that r = p. Furthermore we have only to determine the
coefficients of [a] for even a, since v
(2p)
d is an odd element as a sum of odd







































1, if d− a 
≡ p(mod 2p),
−p+ 1, if d− a ≡ p(mod 2p).
This completes the proof of Proposition 3.1. 
Proposition 3.2. Let n = pq with p, q distinct odd primes. For (resp.













1, a ≡ 0(mod 2r),
−1, a ≡ r(mod 2r),
(−1)a−1, a ≡ k(mod r),
0, otherwise.
Then
V2r ∩ Z[Z/2nZ] = 〈w(2r)k ; 1 ≤ k ≤ r − 1〉Z.(3.3)









holds for 1 ≤ k ≤ p − 1. We have only to show that the coefficients of
[a] with a even on the both sides are equal. When a ≡ 0(mod 2p), the
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d is equal to p − 1 by Proposition 3.1.
When a 
≡ 0(mod 2p), the coefficient is (p− 2) + (−p+ 1) = −1. Hence the
coefficient of [a] in the left hand side of (3.4) is given by
p, if a ≡ 0(mod 2p),
−p, if a ≡ k(mod p),
0, otherwise.
This coincides with the coefficient of [a] in the right hand side. This shows
that the equality (3.4) holds, and hence w
(2p)
k , 1 ≤ k ≤ p − 1 constitute




k ∈ Z[Z/2nZ] with
ck ∈ Q. Then the coefficient of [a] appearing in w is equal to ±ca by the
definition of w
(2p)
a . Hence ca, 1 ≤ a ≤ p−1, must be integers, and our proof
is completed. 
4. Degenerate CM-types
In this section we determine what and how many CM-types for Z/2nZ
are degenerate, when n = pq is the product of distinct odd primes.
A CM-type of the cyclic CM-field K with Galois group Z/2nZ is speci-
fied by an n-element subset S of Z/2nZ such that S ∩ ρS = φ. (Recall the
complex conjugation ρ corresponds to n ∈ Z/2nZ.) Let fS = χT − χρT :
Z/2nZ → {±1}, where χT , T ⊂ Z/2nZ, denotes the characteristic function
of T . Then for an odd character χ ∈ X−(Z/2nZ) and a CM-type S, the
character sum χ(S) =
∑





Furthermore we associate to any odd function f : Z/2nZ → C a function
E(f) : Z/nZ → C by the rule E(f)(i) = f(2i), 0 ≤ i ≤ n − 1. For a
CM-type S, we write E(S) for E(fS).
Proposition 4.1. The correspondence S → E(S) gives a bijection be-
tween the set of CM-types for Z/2nZ and the set of {±1}-valued function
on Z/nZ. Moreover for an odd character χ of Z/2nZ and a CM-type S,
χ(S) = 0 if and only if
∑
b∈ZnZE(χ)(b) · E(S)(b) = 0.
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Proof. Only the last assertion needs to be proved. Let Seven = {a ∈





















This completes the proof of Proposition 4.1. 
For each odd divisor d of n = pq, let Sd denote the set of CM-types S
such that χd(S) = 0. Since the order of χd is equal to d̄ = 2n/(d, 2n), we
see that if S ∈ Sd then χ(S) = 0 for any χ ∈ Xd̄. First we consider the set
Spq.
Proposition 4.2. For the unique odd character χpq ∈ Xp̃q = X2 of
degree two, there are no CM-types S such that χpq(S) = 0. Namely Spq = φ.
Proof. Since χpq(a) = (−1)a, 0 ≤ a ≤ n − 1, and #(S) is odd, the
character sum χ(S) cannot be equal to zero. 
Next we consider the set Sp.
Proposition 4.3. There exists a natural bijection between the set Sp






Proof. By (4.1), our task is to characterize the solutions (ε, . . . ,
εn−1) ∈ {±1}n of the equation
∑
0≤a≤n−1 εaχp(a) = 0. If this holds, then
it holds for all the characters in X2q = Xp. Hence, by Proposition 3.2, it is




k (a) = 0, 1 ≤ k ≤ q − 1.(4.2)
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Set
ea = (−1)aεa, 0 ≤ a ≤ n− 1.(4.3)










1, a ≡ 0(mod q),
−1, a ≡ k(mod q),
0, otherwise.
Therefore (4.4) is equivalent to the condition that
#{a ∈ Ri; ea = 1} does not depend on i,(4.5)
where Ri = {a ∈ Z; 0 ≤ a ≤ n − 1, a(mod q) = i}. Let ν : {±1} → {0, 1}
be the map defined by ν(1) = 1, ν(−1) = 0. Then it follows that we have a
natural bijection Φ from the set
N = {(ε0, . . . , εn−1) ∈ {±1}n; (ε0, . . . , εn−1) satisfies (4.2)}
to the set
M = {(zij ∈M(q, p); zij ∈ {0, 1}, and the row sums are constant}
(where M(q, p) denotes the set of p× q matrices) defined by
Φ((ε0, . . . , εn−1)) = (zij), with
zij = ν((−1)(i−1)+(j−1)qe(i−1)+(j−1)q), 1 ≤ i ≤ q, 1 ≤ j ≤ p.
Hence we have








This completes the proof of Proposition 4.3. 
By symmetry we have the following.
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Proposition 4.4. There exists a natural bijection between the set Sq






Combining these two propositions we have the following.
Proposition 4.5. Sp ∩ Sq = {Seven, Sodd}, where
Seven = {2b; 0 ≤ b ≤ n− 1} ⊂ Z/2nZ,
Sodd = {2b+ 1; 0 ≤ b ≤ n− 1} ⊂ Z/2nZ.
In particular, the CM-types in Sp ∩ Sq are not primitive.
Proof. Suppose that a CM-type S belongs to Sp ∩ Sq. Let (e0, . . . ,
en−1) be the (0, 1)-vector which is associated to S in the proof of Proposition
4.3. Then it follows from Proposition 4.3 that #{a; 0 ≤ a ≤ n− 1 and ea =
1} is divisible by q. Similarly Proposition 4.4 implies that #{a; 0 ≤ a ≤ n−1
and ea = 1} is divisible by p. Hence is divisible by pq, and we have
ea = 1 (resp. = 0) for any a.
This means by (4.3) that
εa = (−1)a, 0 ≤ a ≤ n− 1,
(resp. εa = (−1)a+1, 0 ≤ a ≤ n− 1),
hence we have
Sp ∩ Sq = {Seven, Sodd}.
These two CM-types, however, are stable under the addition of even ele-
ments in Z/2nZ. Thus they are not primitive by Proposition 2.3. This
completes the proof of Proposition 4.5. 
In order to investigate the CM-types in S1, a theorem in [6] plays a




pq = 0}, which




i = (a0, . . . , apq−1) ∈ Zpq,




1, if j ≡ i(mod r),
0, otherwise.
It is clear that p
(p)
i , 0 ≤ i ≤ p − 1, p
(q)
j , 0 ≤ j ≤ q − 1, and hence every Z-
linear combination of them belong to the relation module Lpq. The theorem
in [6] asserts the converse holds too, namely
Lpq is spanned by p
(p)
i , 0 ≤ i ≤ p− 1, and p
(q)
j , 0 ≤ j ≤ q − 1.(4.6)
Using this fact we can prove the following proposition.
Proposition 4.6. The CM-types in S/1 are not primitive.
Proof. By Proposition 2.3, it suffices to show the following.
Lemma 4.6.1. A CM-type S belongs to S1 if and only if S is stable
under the action of either Z/2pZ or Z/2qZ.
Proof of Lemma 4.6.1. We use the map E(•) in Proposition 4.1.
Note that it gives a bijection from S1 to the subset






of Lpq. One can check easily that
S ∈ S1 is stable under the action of Z/2pZ (resp. Z/2qZ)(4.7)
if and only if
E(S) is stable under the action of Z/pZ (resp. Z/qZ).
(Here i ∈ Z/pZ acts on (c0, . . . , cpq−1) ∈ Zpq by the rule
i.(c0, . . . , cpq−1) = (ciq, ciq+1, . . . , c(p+i)q−1),
where the indices are regarded as elements of Z/pqZ, and the action of Z/qZ
is defined similarly.) Therefore we have only to show that
if (c0, . . . , cpq−1) ∈ Tpq, then (c0, . . . , cpq−1) is stable(4.8)
under the action of either Z/pZ or Z/qZ.
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Suppose (c0, . . . , cpq−1) ∈ Tpq. Then we can express it by (4.6) as











By adding or subtracting the all-one vector (1, . . . , 1) ∈ Tpq, which is Z/pZ-
and Z/qZ-invariant, we are reduced to showing that










j , d0 = 0,(4.9)
di ∈ {0, 1}, 0 ≤ i ≤ pq − 1, then (d0, . . . , dpq−1) is invariant
under the action of either Z/pZ or Z/qZ.
Let ϕ : Z/pZ × Z/qZ → Z/pqZ denote the inverse map of the bijection





j , we have dϕ(i,j) = ai + bj , hence (4.9) implies that
aj + bj ∈ {0, 1} for every pair (i, j) ∈ Z/pZ × Z/qZ.(4.10)
It follows from the equality d0 = 0 that b0 = −a0. The conditions (4.10)
with i = 0 imply
bj = −a0, −a0 + 1 for 1 ≤ j ≤ q − 1,
and the conditions (4.10) with j = 0 imply by b0 = −a0 that
ai = a0, a0 + 1 for 1 ≤ i ≤ p− 1.
Suppose that there exists an i with 1 ≤ i ≤ p − 1 such that ai = a0 + 1.
Then it follows from (4.10) that bj = −a0 holds for any j with 1 ≤ j ≤ q−1.
This means that






hence (d0, . . . , dpq−1) is Z/qZ-invariant. On the contrary, suppose that there
exists no i with 1 ≤ i ≤ p − 1 such that ai = a0 + 1. Then it follows from
(4.10) that
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hence (d0, . . . , dpq−1) is Z/pZ-invariant. Thus we complete the proof of
Lemma 4.6.1 and at the same time that of Proposition 4.6. 
Let CM denote the set of CM-types for Z/2nZ.
Proposition 4.7. Let r denote p or q. Then we have
S1 ∩ Sr =
{











i denotes the characteristic function of the residue class R
(r)
i , 0 ≤
i ≤ r − 1, of imod r. In particular
#(S1 ∩ Sp) = 2p,
#(S1 ∩ Sq) = 2q.
Proof. We may assume that r = p. Suppose that a CM-type S





some (ε0, . . . , εr−1) ∈ {±1}r. Then E(S) is stable under the action of Z/pZ




0≤j≤p−1 εj for any i, since p and q are coprime, hence it follows from
Proposition 4.3 that S ∈ Sp. Conversely, suppose that S ∈ S1 ∩ Sp. By
Proposition 4.3, it follows from S ∈ Sp that∑
b∈R(q)i
E(S)(b) is constant for 0 ≤ i ≤ q − 1.(4.12)
By Proposition 4.6, it follows from S ∈ S1 that E(S) is invariant under
Z/pZ- or Z/qZ-action. Suppose first that E(S) is invariant under Z/pZ-
action. Then (4.12) implies that
E(S)(b) = 1 for any b ∈ Z/pqZ
or
E(S)(b) = −1 for any b ∈ Z/pqZ.
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Hence S belongs to the right hand side of (4.11). Suppose next that E(S)






i for some (ε0, . . . , εp−1) ∈ {±1}p,
hence S belongs to the right hand side of (4.11) too. This completes the
proof of Proposition 4.7. 
Summing up we obtain the following theorem, of which the assertion
(iv), (v), and (vi) will be proved in the next section.
Theorem 4.8. Let p, q be distinct odd primes. Let CM denote the
set of CM-types for a cyclic galois CM-field of degree 2pq. Let Deg de-
note the subset of CM consisting of degenerate CM-types, and Prim (resp.
NonPrim) the subset of primitive (resp. nonprimitive) CM-types. Let N -
Dom denote the subset of CM consisting of N -dominated CM-types. More-
over for any divisor d of 2pq, let
Sd = {S ∈ CM;χ(S) = 0 for one (hence every) character of degree
2pq/(d, 2pq)}.
Then
(i) CM = Prim ∪ Nonprim (disjoint sum),
(ii) Deg = S1 ∪ Sp ∪ Sq, where
Sp ∩ Sq = {{2b; 0 ≤ b ≤ pq − 1}, {2b+ 1; 0 ≤ b ≤ pq − 1}} ⊂ S1,
(iii) Nonprim = S1,
(iv) Prim ∩ p− Dom = Sp − S1,
(v) Prim ∩ q − Dom = Sq − S1,
(vi) all the primitive and degenerate CM-types are 1-degenerate in the
sense of Section two.
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Furthermore the numbers of elements of S1, Sp, Sq and their intersec-
tions are given by
#(S1) = 2

















#(S1 ∩ Sp) = 2p,
#(S1 ∩ Sq) = 2q,
#(Sp ∩ Sq) = #(S1 ∩ Sp ∩ Sq) = 2.
Remark 4.9. For sufficiently large prime 2n+1 ≡ 7(mod 12), Lenstra
and Stark noticed that there is always a degenerate CM-type for Q(ζ2n+1)
(see [5, (3.11)]). But the congruence means that n = 3 (an odd integer).
Hence our theorem for p = 3 gives a constructive version of this result to
the effect that there is always a degenerate CM-type for Q(ζ2n+1) whenever
n is the product of three and an odd prime > 3.
Remark 4.10. It is shown by Lenstra that for any abelian variety A
with complex multiplication by an abelian CM-field, there always exists
a nondivisorial Hodge cycle on A itself if A is degenerate (see [7]). Our
theorem, however, gives stronger results for the case of cyclic CM-fields of
degree 2pq that the whole Hodge rings H(Ak), k ≥ 1, of its self-products
are generated (up to distribution-equivalence) by Hodge cycles on A, if A
is degenerate. In particular, the Hodge conjecture for Ak, k ≥ 1, is implied
by the truth of the conjecture for A.
Remark 4.11. Theorem 4.8 cannot be generalized as it is to the case
when n is the product of three distinct odd primes. This is due to the
fact that the equality (iii) Nonprim = S1 in the theorem does not hold
generally for such an n as is shown in the examples of [5, (3.14)].
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5. N-dominatedness
In this section we investigate the N -dominatedness and h-degeneracy
of the degenerate CM-types for the cyclic CM-fields of degree 2pq, and
complete the proof of the assertions (iv), (v), and (vi) of Theorem 4.8.
By Theorem 4.8, (ii) and (iii), if a CM-type S is degenerate and primi-
tive, then S ∈ Sp−S1 or S ∈ Sq −S1. Hence it suffices to consider the case
S ∈ Sp − S1. A Hodge cycle on a self-product Ak of A is said to be proper
if it does not come from the ones of lower codimension by intersecting with
a divisor. As is explained in [1], there is a natural bijective map between
the set of (additive) basis elements of the space of proper Hodge cycles on
a self-product Ak, k ≥ 1, and the set of nontrivial nonnegative function
h : Z/2nZ → Z≥0 such that
h(a)h(a+ n) = 0 and(5.1)
〈h, fa+S〉 = 0 for any a ∈ Z/2nZ.
Here we denote by 〈, 〉 the natural inner product of functions on Z/2nZ
defined by 〈f, g〉 = ∑a∈Z/2nZ f(a)g(a). To a function h : Z/2nZ → Z≥0




h(a), if h(a) 
= 0,
−h(a+ n), if h(a) = 0.(5.2)
This correspondence F : h → ĥ defines a bijective map between the set
{h : Z/2nZ → Z≥0;h(a)h(a+ n) = 0}
and the set
{h : Z/2nZ → Z;h is off}.
Moreover for any odd function f , 〈h, f〉 = 0 if and only if 〈ĥ, f〉 = 0. Note
that the space of odd C-(resp. Z-)valued functions on Z/2nZ is identi-
fied naturally with the minus part of the group algebra C[Z/2nZ]− (resp.
Z[Z/2nZ]−). Since S ∈ Sp−(S1∪Sq∪Spq) by our assumption, the condition
(5.2) is equivalent to
h ∈ V2q ∩ Z[Z/2nZ].(5.3)
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But, by Proposition 3.2, we already know that a Z-basis of V2q ∩Z[Z/2nZ]
is given by w
(2q)
k , 1 ≤ k ≤ q − 1. Moreover the weight of the inverses
F−1(w(2q)k ), q ≤ k ≤ q − 1, are equal to p for any k. Therefore the abelian
variety A is p-dominated. Furthermore the height of them are equal to
one for any k. Therefore the abelian variety A is 1-degenerate. Thus we
complete the proof of the assertions (iv), (v), and (vi) of Theorem 4.8.
6. Examples
In this section we apply our theory to construct some examples of de-
generate abelian varieties with complex multiplication by a cyclotomic field.
Let Kn = Q(ζn), the n-th cyclotomic extension of Q, and let Gn =
Gal(Kn/Q). When n = 31, we have G31 ∼= (Z/31Z)∗. We use the primitive
root 3 ∈ (Z/31Z)∗ to specify an isomorphism G31 ∼= Z/30Z. The matrix
(aij) ∈M(5, 3) defined by{
ai1 = 1, 1 ≤ i ≤ 5,
aij = 0, j ≥ 2,
satisfies the condition specified in Proposition 4.3 when p = 3, q = 5. In
the notation used in the proof of the proposition, this matrix corresponds
to (e0, . . . , e14) with
ei =
{
1, 0 ≤ i ≤ 4,
−1, 5 ≤ i ≤ 14.
Furthermore this vector corresponds by (4.3) to (ε0, . . . , ε14) with
εi =
{
(−1)i, 0 ≤ i ≤ 4,
(−1)i+1, 5 ≤ i ≤ 14.
Hence this gives the CM-type
S = {1,−9, 19,−16, 20, 25,−8, 10, ,−28, 4,−5, 14,−2, 18,−7} ⊂ (Z/31Z)∗.
Since S ∈ S3 − S1 by Proposition 4.3 and 4.6, the abelian variety AS asso-
ciated to it is absolutely simple and 3-dominated by Theorem 4.8. This is
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simple abelian varieties with complex multiplication by K31. If we define
another matrix (bij) ∈M(3, 5) by{
bi1 = 1, 1 ≤ i ≤ 3,
bij = 0, otherwise.
then it corresponds to the CM-type
T = {1,−9, 19, 16,−20, 25,−8, 10, ,−28, 4,−5, 14,−2, 18,−7} ⊂ (Z/31Z)∗.
Since T ∈ S5 − S1 by Proposition 4.3 and 4.6, the abelian variety AT
associated to it is absolutely simple and 5-dominated by Theorem 4.8. This
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simple abelian varieties with complex multiplication by K31.
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